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Resolution of Runge-Kutta-Nystrom
Condition Equations through Eighth Order

Richard H. Battin*
Charles Stark Draper Laboratory, Inc., Cambridge, Mass.

A systematic development of general solutions of the condition equations for minimal stage Runge-Kutta-
Nystrom algorithms through eighth order is made. Although it is known that, for mth-order accuracy, (m-1)-
stage methods are possible through w = 6, the general sixth-order algorithm, shown here to have two free
parameters and to include Albrecht's formula as a special case, appears to be a new result. General seventh- and
eighth-order algorithms, for which the number of stages is the same as the order of the method, are also
developed, as well as a proof of the nonexistence of a seventh-order, six-stage method.

Introduction

IN 1925, Nystrom1 investigated the numerical integra-
tion, using Runge-Kutta techniques, of a certain special

class of second-order differential equations for which the
right-hand sides are explicit functions only of the dependent
and independent variables. He found it possible to achieve a
higher degree of agreement with the Taylor series expansion
of the solution for a given number of evaluations of the right-
hand side of the differential equation than could be expected
from the general case. Thus, with two evaluations he could
achieve agreement with an error of O(h4) of O(h5) with three
evaluations, and of O(h6) with four evaluations, where h is
the integration step size. Nystrom developed special algo-
rithms for these three cases, which are also summarized in a
textbook by Henrici.2

The interesting speculation as to whether or not this com-
putational advantage persists for higher-order methods
remained unanswered for 30 years. Then, in 1955, Albrecht3

published a special, "symmetrical" (i.e., equal subdivisions
of the integration interval) algorithm for a sixth-order method
with five evaluations.

Most of this paper is devoted to developing general
solutions of the condition equations through eighth order
using the fewest number of right-hand side evaluations or
"stages" as possible. The phenomenon, first observed by
Nystrom, of m — l stages for mth-order accuracy, does not
seem to prevail beyond m = 6. Indeed, an interesting proof of
the nonexistence of a seventh-order, six-stage algorithm is
given in a later section. By increasing the number of stages by
one, however, general methods are achieved for seventh and
eighth order.

To the author's knowledge, the problem of obtaining
general solutions of the condition equations has not been un-
dertaken in any systematic way. As an isolated result, Henrici
includes, as a problem in his text, a one-parameter family of
values for the coefficients of Nystrom's fourth-order method.
(In fact, however, as will be shown, the fourth-order
algorithm admits of two free parameters.)

The task of developing efficient higher-order algorithms is
complicated by the fact that the number of condition
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equations for the parameters, many of which are nonlinear,
increases with increasing order considerably faster than the
number of parameters to be determined. By increasing the
number of stages, the set of parameters is also enlarged. The
number of equations is unchanged but the efficiency is ad-
versely affected.

The results obtained here compare quite favorably with ex-
plicit Runge-Kutta methods applied to general first-order dif-
ferential equations. It has been shown by Butcher4 that for m
>5, an order m algorithm can be achieved only if the number
of stages n is greater than m and for m>7, then we must have
n>m+ 1. The existence of particular methods shows that his
are the best possible results up to order seven. For order eight,
at least 10 stages are necessary but no method has been
published requiring fewer than 11. We compare in Table 1 the
number of stages for Runge-Kutta methods with those of
Runge-Kutta-Nystrom as obtained in this paper.

The author has elected to present his results as formulas for
the Nystrom parameters expressed as functions of certain free
parameters. The algorithms so obtained will have the widest
possible applicability and the user may apply his own criteria
for the problem at hand in selecting appropriate values for
these arbitrary parameters.

Fundamental Considerations
The Runge-Kutta-Nystrom method of numerical in-

tegration is a one-step process applied to the special class of
second-order vector differential equations

dx
~dt

dy
dt

where / is not an explicit function of y. The particular
algorithms considered in this paper are special cases of the
formulas given below where t0, x0, y0 are the initial values for
the integration step, h is the integration step size, n is the num-
ber of stages, i.e., the number of evaluations of/, required.

Order

i=0

Table 1 Comparison of R-K
and R-K-N methods

Number of stages
R-K R-K-N

5
6
7
8

6
. 7

9
11

4
5 •
7
8
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where

will be inconsistent unless the m x m determinant

p» rri
vanishes. The value of this determinant may be expressed as

Dm = Vm_l (p0)Lm (Po,...,Pm-2)

where

V((pk)=\pl
j+k\ (i, y = ft... ,f-7)

is a Vandermonde determinant whose value is

The general problem consists of determining the parameters
Pi>Qi>cij>ai>bi so that we have an rath-order agreement with
the Taylor series expansion of x and y with n as small as
possible.

The equations of condition for these parameters are given
in vector-matrix form in Table 2 for second, third, and
fourth-order formulas with the number of stages one less than
the order of the method. These equations are identified by
greek alphabetic characters to be considered as vectors of ap-
propriate dimension.

We make the following observations which hold in general
for the higher-order equations of condition:

1) All equations for the coefficients a{ are redundant with
those for b-t if tf/ = (1 -pt) &/.

2) Equations (a) consist of m linear equations for the n
coefficients b0,...,bn_l with the matrix of coefficients being a
so-called Vandermode matrix. Since n — m — \ these
equations

and

L((p0,...,Pc-2) = 7— :0/
7=0 t — J

withj80,j8/,... defined by
(-2 I'-/H(p-pJ)=ii^pi'-j-1
j=0 j=0

For computational purposes, it is useful to note that the /3's
may be generated recursively from

where
si=Pb+Pli+...+P(-2

We shall refer to these functions ' Lm as "constraint func-
tions." Note that they are symmetrical in their arguments

Table 2 Equations of condition for m = 2,3,4; n = m — 1

Order,
stage Eq. nos. a} Condition eqs.

(2,1) (a)

(3,2) (a)

(4,3) (a)

(0)

#0 = -

[ ' ,']L PO P7 J

<*o

_ ai _

~ 7 7 7 "

PO P7 P2

PO P/ Pi _

~ « o ~

«2

„.,+*<

] _ [n

—

2= -

1

~2

""21_ 7 / 5 _ |

" 7/2 ~

7/6

_ 7 / 7 2 _

2 12

Eq. nos.

(«>

(a)

03)

(a)

(«

(7)

d, Condition eqs.

;

Pi
_ PJ

O

[

" 7 7

TVLPo J
-

Po P/
2 n2

7 7

P/ P2

Pi Pi

Pi Pi

P/ P2

(P/

'

'_:»]
~ i ~

1/2

1/3

9 / * / = y (y )

_

n

b, =

L 2 J

T ^ A

1

1/2

1/3

_l/4 _

1 ~ 1/3

. 2 _l/4

0 21 2 ^ 4
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and, for convenience, if any of these arguments is zero, it will
be suppressed in the notation. Thus, without confusion, we
shall write

L4(p2)=L4(0,0,p2)

Further, it is easy to show that the constraint functions satisfy
the recursive relation

An interesting interpretation of the constraint functions may
be had using the following identity for the determinant of
block partitioned matrices:

Thus, withLm(/70,...,/7 /?7_2) =0, the solutions of Eqs. (a) are

k f k (= \Akk\

We can easily show that

/ 7 m~2

Dm=Vm_I(p0) (—-J^pf-\ m ;=o

so that Lm is simply the residue R(am~]) of Eq. (am~I).
Thus, a necessary and sufficient condition for the consistency
of Eqs. (a') is that

R(<xm-])=Lm(p0,...,pm-2)=0

and ym-i (PO) 5* 0. The nonvanishing of the Vandermonde
determinant is equivalent to requiring thatp^pj for i^j.

3) Square Vandermonde matrices have simple explicit in-
verses. For if we define

j=0 j = 0

where the superscript / on the product symbol indicates that
the factor for which j = i is omitted, then the inverse of the
Vandermonde matrix

is given by

Ym!(Po) = \ ;„.«,,,

with b0,...,bm-3 obtained by a cyclic permutation of the sub-
scripts (0,1,...,w— 2). We shall use this notation frequently
for compactness in expressing our results.

4) The constraint condition Lm=0 imposed on the selec-
tion of the p^s can be eliminated by increasing the number of
stages in the algorithm by one so that m = n. The left-hand
side of each condition equation will have an obvious ad-
ditional term, with a consequent increase in the number of
parameters to be determined, but the number of equations
will remain the same. Since we are free to assign values to
these extra parameters, we may set

In this case, the last computed k, in the algorithm, A r w _ / , for a
given integration step will be identical with the value of k0 to
be computed for the next step. As a consequence, only the
first integration step requires m evaluations of the function/.
All succeeding steps involve m — 1 stages, as before.

The solutions of the equations of condition for second-,
third-, and fourth-order methods are summarized in Table 3.
The left-hand column gives parameter values for the con-
ventional algorithm with n = m — l. The parameters listed in
the right-hand column are for the algorithms with n = m for
the first stage only. For compactness, we have adopted the
notation p^ =p, —pj.

In his fundamental memoir, Nystrom gave third- and four-
th-order formulas for the following values of thep/'s:

= —

= 3:

Fifth-Order Method (m = 5, n = 4)
The relevant equations of condition for the fifth-order,

four-stage algorithm are listed in Table 4. Equations (or) are
handled as described in the previous section. Equations (0)

Table 3 Parameters for mth order, n — I stage algorithms (m = 2,3,4)

Order,
stage
(m,n)

Parameters for n = in — 1 Parameters for n — m (first stage only)

Free
params.

Constraints Eqs. for parameters Constraints Eqs. for parameters

(2,1)

(3,2)

L 2 ( / ? 0 ) = 0

L3(p0,p,)=Q Plob,=L2(Po)

b,q, = \/6

(0,1) p0=0 P20P2lt>2=L3 (PO'Pl ) '(0,1,2)

(4,3) (0,1,2) P30P3lP32*>3 = (0,1,2,3)

/
b2C21 = ~—— ( — -6pw 4
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determine tf/ ,#2>#j so that Eq. (d) provides a constraint on
the choice of the p/'s. Similarly, Eqs. (7), (e) determine
b2c2i>b3c3l, b3c32 with an additional constraint implied by
Eq.(f).

To calculate the residue of Eq. (<5) we first form the four-
dimensional determinant D of the coefficients of the g/'s in
Eqs. (ft), (d) augmented by the right-hand sides

b} b2 b3 1/6

. . . P2b2 P3b3 1/8
D=

P2bj P2
2b2 p2

3b3 1/10

qibl q2b2 q3b3 1/20

Solving Eqs. (a) and (ft) for bt and qtbh we have
PwPi2Pi3bi=L4(p0.p2,p3) (0,1,2,.

5(P2>Ps) (L2,3)
From the constraint condition needed for the consistency of
Eqs. (a) and the recursion relation for the L functions, we
may establish the following to be used in the first column of
D:

(Po>P2>P3 ) =£5 (PO>P2>P3 )

p]L4 (P0,P2,P3 ) =L6 (po.P2.Ps ) -L6 (p0>Pi,P2>P3 )

>P3 ) =L6 (Po,P2>P3 ) -L6 (Pl,P2>P3 )

p0L5 (p1,p2,P3 ) =p]L4 (p0,P2>P3 ) - (P2,P3 )
Additional required relations may be established for the other
columns of D.

We now substitute for the elements of the determinant D,
subtract two times row 4 from row 3 and remove the common
factors from all rows and columns. Next multiply row 3 by
L6 (Pi,p2,p3 ) and add to row 4. Then subtract col 2 from col
1 and col 3 from col 2 and again remove the common factors.
The determinant is now three dimensional

D= 4V4(p0)p13

? (Po>P3)

(Po>P3 )

i(p0,Pi) 1/3

t(Po>Pi) 1/4

> (Po,Pi) 1/5

To finish the reduction, we subtract col 2 from col 1 and
factor out/7,3 from col 1. Then, to col 2 we add/?/ times col 1
and the determinant is now a function only of p0. We have
finally

8640 V4(p0)D=p3
0L5(p],p2,p3)

To determine the residue of Eq. (d), we use the arguments
of the previous section and obtain

1
8640 V4(p0)V3(pI)blb2b3

PoL5(pJ,p2,p3)

In a similar manner we may obtain the residue of Eq. ( f ) in
the form

1
8640V3(p0)V3(p])b1b2

We have now established that the condition equations will
be consistent if and only if the/?/'s are determined subject to
the following constraint conditions:

P3
0L5(p},p2,p3)=0

P2o(p3-D2 = 0
The third condition requires that either p0 = 0 or p3 = 1 . In

the first case, we may select the remaining p/'s subject to the
constraint L5 (pi,p2,P3) =0. In the second case, the value of
po is arbitrary and/?/,p2

 are uniquely given by

= l/ip}(i—\,23). For
For these values, we find &0 = 0and b

In either case we may show that
this purpose, we write

r = Vipj

= 1/2P2I

(p2>P3 )

L6(p0,p2,p3)-L6

Table 4 Equations of condition for m = f

Eq. nos. j Condition equations

(a1)

(ft1)

(y) 1 1

P2 PS

(Pi-Po)c2Ib2

6 L (l/5)-(3/4)Po

(e)
[1 1]

(f) q]c2]b2+qIc3Ib3+q2c32b3 =
120
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and the conclusion follows from the second constraint con-
dition since

(P0>Pl>P2>P3 ) = (Pi.P2.P3 )

= L6(p]fp2,p3)

The solutions of the condition equations are summarized in
Table 5. As before, the first part of the table corresponds to
the conventional algorithm with n = 4. The second part con-
tains parameters for the algorithm with n = 5 for the first step
only. In the latter case, an additional free parameter is
available.

Nystrom gave fifth-order formulas for the following values
ofp/'s:

redundant ones) evolve for m = 5. For m — 6, 10 more are ad-
ded; for m = 7, an additional 20, and for m = 8, the increase is
36 or 79 in all. For a ninth-order set, the number is 151.

Successful treatment of these equations depends strongly on
proper grouping of the terms. A convenient set of functions of
the Nystrom parameters for this purpose is given below and
the equations of condition through m = 8 in terms of these
functions are listed in Table 6.

=Pi

k=2,.

= 4: P0=

P0=0, PJ = -
1
-,

General Equations of Condition
The author derived the equations of condition for

and m < 5 as given in Tables 2 and 4. For p0 = 0 and qf = Vipf,
Fehlberg5 derived the condition equations through m = 9. An
independent derivation through m = l was made, and com-
plete agreement with Fehlberg was found. The task is quite
laborious and the number of equations increases dramatically
with increasing order. For example, 13 equations (including

Ak42 =
51

c ncijPj

As already mentioned, we need only consider the equations
for the bj's since we always have a,; = (1 —p^b/. The gaps in
the greek alphabet labels for the equations arise from the
redundancy created by the assumption that qt = l/2pj. The ad-
ditional equations needed for m = 8 (the last six in Table 6) are
taken from Fehlberg and, therefore, carry a separate labeling

Table 5 Parameters for fifth-order, four stage algorithms

Parameters for n = 4
Free Constraints
params.

1 p]}p2= (4TV6)/10 p:

p3 = i

Eqs. for parameters

\oP3lP 32^3 ~L4 (Po>Pl>P2 )

qi = V2p2
i

(0,1,2,3)

( /= 1,2,3)

7 r 7 7 -,

Pwb2c2] = —— iPoPj - — (3p0 +p3) + - J
6p23 4 5

PlOb3c31=

1 r 1 7 - ,

P2ob3c32 = -— [PoPi - — (Po +Pi) + — J6p21 4 10
(Same as above)

Parameters for n = 5 (first stage only)
Free Constraints
params.

3 Po = 0 p4ot

Eqs. for parameters

^4lP42P43^4 =L5 (Po>Pl>P2>P3 ) (0,1,2,3,4)

Qi=l/2p2 (/-1,2,3,4)

7 r 7 7 -,
b2c21= —— [p3b4- — (p3+4b4) + -\

1 r 1
Pib3c3]= - — [p2b4- —

6p]2 4
— \ -Pib2c2I10

1 r 1 1 -,

2b3c32= - — \Pib4- — (p1+2b4) + — J
6p2] 4 10

c4i = ai=(l-pi)bi (/ = 0,1,2,3)
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Table 6 Equations of condition form = 3,..., 8 [p0 = 0, q,-= l/2p2, a, =(\—pj)bj]

Eq. nos. b, ; Condition equations Eq. nos. b, ; Condition equations

77-7 , 77-7 ,

77-7 j , 7 7 - 2 77- 7 7

• V* • 7 ^ ^ V* V^ ^ J

(/-O...,m 8)

? V2 4 '(T') 2-4 P j ( A j b j ) - f . ~ ^ LJ H'j ...,w-4) (<?2) LjP'j(Ajbj) - . - L^^j^j ...,w-o;

77-7 , 7 77-2 77-7 7 O l 77-2

V* / : ,i3A V* L7/ V* i : 62 u V^ /i 2Lji

77-7 , , 77-2 77-7 , ;. 77-2

V* 1 4 V^ 2 V* Y^ 3

77-7 , -, 77-2 , 77-7 ; f. 77-2 ,
V^ • -* 3! T~I 7 . Y^ 7 J! v-^ 7

(X ' ) / v p ' j ( A j b j ) - ————— - — / , — AjH1: ..., m-6) (e'c) Ljpli(A^4b;} = ————— - — 7 > >4;/// ...,m-8)
.rr} y 7 y 5!(/ + (5) 31 i~?2 PJ J - f^3

 J J J 7\(i + 8) 51 fT2 p. J J
J — J \ / J-Z fj J — J v / J-Z rj

n-1 , 77- 7 , c, 77-2 ,
\^ . , , 7 • V^ • *,, 1 5' \^ ! ,n •(— I \ J n 1 A ^ A ^h m 7\ (sy1 \ 7 n ' ( A v42 u \ — — J .. . A 4Z r_r I ™ Q\

^2 3!3!(/+7) ~^ 7!(/ + 5) 5

/?-/ , , 77-2
V^ • C 1 1 V^ 5/ _ / \ > n1 ( 4 b ) 7 D H1 m 7^w ; t-*2rj\"j"j> 61(1+7) 4\f^,lJj"J """l ''

n-l j j. 77-2
V1 / 52 V 2 /
y^j 7 ' 7 7 6!(/+7) 4! ̂  ' 7 7 "'J/7'

. w „ 7 ^! ;W 1 , •/./. / \ 7 ni ( /\5J A \ > /i J r / / -r\

" J 7 •' <5! ( /+7) ^!^py
 7 7 •

Table 7 Parameters for sixth-order, five stage algorithms residue of Eq. (X) may be calculal
^ . ~ . . straled previously by noting, fioFree parameters Constraints / o \ / T / \ x - j r ^ >(^), ( / ) ; (X) provide four eqnatir

Po = ®>P4 = l The augmented determinant <
L6(b!'b2'b3' 0"° before, is four dimensional but

2' J j * dimensions bv an obvious seque
Equations for parameters deed, we can readily show that th

p40P4iP42P43b4=L5(p0,pl,p2,p3) (0,1,2,3,4) to

qi = V2p2i ( /= 1,2,3,4) b2 b
P2iP3i

rrO 1 f 1 1 1 1 T*f\ L I, P2°2 P3

12p2}p3I 2 5 1 0
6Ajb2 6A

n h r 1 ( 1 n * \ P2?21 P*

,ed using techniques demon-
m Table 6, that Eqs. (7°),
msfor//?,//^//?.
Df coefficients, formed as
is easily reduced to three

nee of row operations. In-
is determinant is equivalent

3 5P,~2

b3 2/7, -7

33 j
iPH

60(l-p2)p32 2 3
Next, we obtain A / and b-, from Eqs. (a) and (7), subject to

7 7 f 1 1 ^ J f 1 1 ^ -, the usual constraint equation L6 (/?/,... ,p4) =0, as
60(1 -p3) v p21

 v 2 6 p32 ^ 2 ^2 3 f J

7 x 7 7 .
^^^ Md-p^pu*' 2Pj 6} P2P2iP23P24b2=L6(ph

p,b4c4I ^H°,-p,b2c2, -p,b3c3, 6p23p24A2
2b2=L6 (p3,

P3,p4) (2,3)

P3,P4) (2,3)

P<) (2,3)
P2b4c42=H0

2-p2b3c32

P3b4c43=H°3

scheme. However, the grouping of the variables, in particular,
the equations expressed in terms of the H'/s, is the author's
own.

We now consider separately the cases m = 6,7,8.

Sixth-Order Method (m = 6, n = 5)
For the five-stage, sixth-order algorithm, Eqs. (y)-(\) con-

sist of seven equations to determine the six parameters c/,-. The

These are substituted for the elements of the determinant and
all common factors removed. Then the following sequence of
row and column operations is performed:

1) Col 1 - col 2 —col 1 and f actor p23
2) p2xcol 1 +co!2 — col 2
3) Row 2 +row 3 —row 2 and factor p/
4) Row 2 + row 1 —row 1 and factorp/
The determinant is now a function only of p4 and easily

evaluated. The residue of Eq. (X) is then found to be

R(\) = 7202V3(P])V3(p2)p2b2p3b3
P2,(P4-D2
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Thus, the condition equations can only be consistent if
either p] - 0 or p4 = 1. The first option would require all of the
Pi's to be zero. For suppose that/7/ = 0. Then

1, as outlined in the Appendix. The result may be expressed
conveniently as

22 =
L6(P3,P4) 1

L6(pltp3,p4) 6

and the conclusion follows from the definition of A ].
Therefore, a necessary and sufficient condition for the con-

sistency of the condition equations is that

P4 = \, L6(pltp2,p3,l)=0

The complete solution is summarized in Table 7. Albrecht3

gave a sixth-order formula, which is a special case of our
general formulas, for the following values of thep/'s:

Seventh-Order Method (m = 7, n = 6)
For a seventh-order, six-stage algorithm, Eqs. (a) deter-

mine the coefficients b, subject to the vanishing of the residue

R(ct6)=L7(p,,...,p5)

Then Eqs. (7)- (\l/)' provide 15 equations to be satisfied by
the 10 parameters c,y.

With reference to Table 6, we make the following ob-
servations:

1) Equations (7) determine A 2(j = 2,3,4,5). By definition,
A3

2 = l/2piA2
2, so that Eqs. (e) determine ,4f(y = 3,4,5).

Equations (7°), ( e ° ) , ( t ° ) , (a) determineH ( j( j= 1,2,3,4).
2) Equations (IT), (\°), (< />) , (\l/) then provide four ad-

ditional constraints on the /?,' s.
3) Since, by definition, H4=p5H°4, Eqs. ( X 7 ) , ( e 7 ) , ( i 1 )

determine Hj(j-1,2,3). Consequently, Eq. ( A 7 ) also
provides a constraint on the /?/' s.

Residues for Eqs. (IT), (\°), (0) may be determined as
before. The calculations, which are considerably more com-
plex, are outlined in the Appendix. The results are:

p3
][L6(pl,...,p5)+p]...p5/16]L7(p2,...,p5)

63(60)3V5(p,)V4(p2)p2b2...p5b5

p2, (P5-1)2 [L8(Pl,...,p5)-1/9800]
7202 V4 ( p , ) V4 (p2 )p2b2p3b3p4b4

p,(p5-l)2P(p,)L7(p2,...,p5)
7202 V4 ( P l ) V4(p2 )p2b2p3b3p4b, Pl

where Pis the following third-order polynomial:

P(P) =P3 ~ (12/7)p2 + (6/7)p-4/35

The constraint imposed by Eq. (i/O is more easily handled.
We observe that Eqs. (77) , ( y 2 ) , ( j 3 ) , ( < / > ) , will determine
l/4pjA2jbj(j = 2,3,4,5) and they are identical with Eqs.
(eO)f ' ( e 1 ) , ( e 2 ) , (\l/) which determine A3

jbl(j = 2,3,4,5).
Hence, we must have

A3=V4PjAJ (j = 2,3,4,5)

and since by definition A2
2 = C2]P] and *A3

2=- ^2C2lp2, it
follows that either c2, = 0 or p, = Vip2.

Finally, the constraint implied by Eq. ( X 7 ) is disposed of
by calculating H'4 from Eqs. ( y 1 ) , ( e ' ) , (O, ( A ' ) for / = 0,

120p54p4b4

7P(p5)

P4 0

L3(p5) L4(p5) L5(p5) 84-105p5

L5(p5) L6(p5) 35-42p5

L5(p5) L6(p5) L7(p5) 18-21p5

We shall now examine the possibility of determining ap-
propriate values of the /?/'s which satisfy the constraint
equations.

Case 1: If p5 = l, then R(\°) =R(<t>) =0. However,
H4 —p5H°4 can then only be zero if p4 is also equal to one.

Case 2: If p, =0 and R(a6) =0, then R(*) =R(\°) =
R(c{>) =0. However, from Eqs. (a), since pjb}=0 it follows
that

L6(p2,...p5)=0

Also, from Eqs. (7) and the definition A2
2=p]c2I, we also

have

L7(p3,p4,p5)=0

The three condition equations are equivalent to

L5 (P3,P4,P5 ) = ft L6 (P3,p4,p5 ) = ft L 7 (p3,p4,p5 ) = 0

from which we find P(PJ) =0 (y = 3,4,5). Unfortunately, p4
and/?5 will not satisfy the requirement H4 -p5H°4 = Q.

Case 3: If

L7(pi,...,p5)=L7(p2,...,p5) -piL6(p2i...,p5) =0

L7(p2,...,p5)=0

thenR(a6)=R(Tr) = 0 and #(</> )=pjR (\°). It follows that

b}^L6(p2,...,p5)=0

and also

1
~24l

4,p5)

J = 2,3,4,5)

(2,3,4,5)

Furthermore, by subtracting Eqs. ( t ' ) and ( A 7 ) , we find that
p^H'f =0. Since p, cannot be zero, then H1, - 0 (/ = 0, 1).

The three equations

L6(p2,...,p5)=0, L7(p2,...,p5)=0, H° = 0

can be expressed as

(l/4)(33 + (1/10)02 + (1/20)0 1 + 1/35 = 0
where
01=~ (P2 +P3 +P4)> $2 =P2P3 +P2P4

&3 = -P2P3P4
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Solving for the /3/'s, we have

4_
351

Since p5 cannot be one, it follows that P(pj) = 0(y = 2,3,4).
The polynomial equation P(p) = 0 has three real and

unequal roots but, unfortunately, b5 is then zero. With b5 = 0,
the number of stages in the algorithm would be five and it is
easy to see that the resulting condition equations cannot be
satisfied.

Case 4: If

P(p})=0, L8(p},...,p5) =1/9800, L7(Pl,...,p5)=0

then R(a6)=R(\°)=R(<J>) = 0. Assume for the moment
that also b2 = 0, or equivalently

In addition, we find it convenient to assume that A f=/?//24
(/ = 2,...,6) so that Eqs. (e) will be identical to the last three of
Eqs. (a) and Eq. (\l/) will be identical to Eq. (<£) . However, in
so doing, it follows from the definitions of A2

2 and A3
2 that

Pi = Vip2 and c21 = Vip2
2.

The condition equations are now 13 in number and consist
of

' - - * 2 —-

where

k2 -
-Then the three constraint function equations may be written

as

L3 (p, )P3 + L4 (Pl)(32 +L5 (prfPj +L6 (p})=0

L4 (Pl )/33 +L5 (pj)P2 +L6 (pI)l3] + L7(Pl ) =0

L5 (Pl )/33 +L6 (p1)^2+L7(p] )/5y +L8 (Pl ) =1/9800

where

07 = ~ (P3 +P4 +P3P5

$3 = ~P3P4P5

Solving for the j8/'s we have

) , P(p,)P2=(6/7)P(p,),

P(pI)P3=-(4/35)P(pI)

and since P ( p i ) = 0, the rank of the three equations is two.
Hence, under the assumptions stated for this case, b2 is
automatically zero.

The three constraint function equations are symmetrical in
Pi,p3,p4,p5, so that if any p, were such that P(PJ) ?*0, then
we could solve for the corresponding /3's and find that P(pf)
= 0 for i?*j. We must conclude that P(PJ) =0 fory = 1,3,4,5,
which is possible only if two of thep/s are equal.

Having exhausted the possibilities, we reluctantly conclude
that a seventh-order, six-stage algorithm does not exist.

Seventh-Order Method (m = l,n = l)
If the number of stages is increased to seven, the number of

c//s increases to 15 but the number of equations remains 15.
The set of parameters in Eqs. (a) has also been expanded to
include p6 and b6 so that no constraint condition is required.

To simplify the solution of these equations we will in-
troduce as assumptions bl = 0 and Aj=pj/6 (/ = 2,...,6). The
first imposes a constraint on the/?/'s, i.e.,

L7(p2,...,p6)=0

The second requires / / /=0 (/ = 0,1), as can be seen by sub-
tracting Eqs. ( t ' ) and (A'') . The importance of these assump-
tions is that Eqs. (7) and (TT) are then identical to certain of
the Eqs. (a). Furthermore, Eqs. (X) and (i) are the same, as are
also Eqs. (</>) and (a).

and the number of parameters c/7 to be determined is 14, since
c2l has already been established. With c4l regarded as a free
parameter, these equations may be regrouped, as shown in

Table 8 Parameters for seventh-order, seven stage and eighth-order,
eight stage algorithms

Free parameters Constraints

c41 is arbitrary
p7 = 1 for m = n = 8
Ln(p2,...,pn_])=0

Equations for parameters

(Pn-l -Po)~- (Pn-1 ~Pn-2)bn-l = Ln (Po>~->Pn-2 )

Qi = y*p2 (0,1,...,/?-!)

( k - l ) l

j=l
3

LjL
j = 2

n-l

j=5 j=2

Repeat the following for k — 4,...,n — 2:
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Table 8, in the form of linear equations, having Vandermonde
coefficient matrices, to be solved for the c//s.

A note of caution in obtaining the c,/s from Table 8 is ap-
propriate. High-order Vandermonde matrices can be ill-
conditioned so that the explicit analytic inverse should be used
rather than a standard computer matrix inversion routine.

Eighth-Order Method (m = 8, n = 8)
For an eighth-order algorithm with eight stages, Eqs. (7)

through (e6) provide 29 equations to determine the 21
parameters c//. As before, we will assume

Note that

bj=0, AJ=p1/24 (i=

Thus, we impose the constraint L8(p2,...,p7) =0 and have
also

Again by subtracting Eqs. (i') and ( A ' ) , we find //'/=0
(i' = 0,l,2). Equations (7), (e), (TT) and (el) are identical to
certain of the Eqs. (a). Furthermore, the following sets of
equations are identical: Eqs. (A), (i), Eqs. (a), (<£), (\f/) and
Eqs. (e2)t(e3),(e4). There are, therefore, 21 condition
equations remaining to determine the 20 parameters c,y.

Equations (7°), ( e ° ) , ( i ° ) , (o°), ( e 2 ) determine H°j (j =
2,...,6), so that Eqs. (e5) and (e6) provide additional con-
straints on thep/'s. Note also, with the assumption A f=pf/6
and the use of Eq. ( e 6 ) , that Eq. (e5) may be written as

£ -c,.,//?=0
j = 2 Pj

(e5)

The author has not succeeded in calculating useful ex-
pressions for the residues of Eqs. (e5) and ( e 6 ) . However, it
has been determined by numerical experiment that R(e5)

Subject to the constraints p7 = l and L8(\, p2,...,p6) =0,
the reduced set of 19 condition equations is the same as listed
in the previous section for the seventh-order case and the
number of parameters cu is 20. Again we may regard c41 as ar-
bitrary, making the total number of free parameters five. The
solution may be obtained from the equations given in Table 8.

Appendix
We provide here, in brief outline form, the various steps

required to obtain the equation residues which were given
without proof in the section treating the seventh-order, six-
stage method.

Residue of Eq. (TT)

Form the five-dimensional determinant of the coefficients
of the Aj's in Eqs. (7), (TT) augmented by the right-hand
sides. Solve Eqs. (a) and (7) for bf and A }b{

P2PnP32P42Ps2b2 =L6 (Pi,p3,p4,p5) (1,2,3,4,5)

6p2p}2p32p42P52A2
2b2 =p2p2]L7(p3,p4,p5) (2,3,4,5)

Establish the following to be used in the first column, with
similar relations for the other columns:

p2L6 (P!,p3,p4.p5) = L7(pItp3,p4,p5)

p2
2L6(p1,p3,p4,p5)=L8(p1,p3,p4,p5) -L8(plt...,p5)

p3
2L6(p,,p3,p4,p5) =p2L8(pl,p3,p4,p5)-p2L8(p1,...,p5)

P2P2iL7(p3,p4,p5)=p2L8(pi,p3,p4,p5) -p2L8(p2,...,ps)

p2L8(pI,p3,p4,p5)=L9(pl,p3,p4,p5) -L9(plf...yp5)

PiP2L7(p2,p3,p4,p5) =

-P2P2iL7(p3,p4,p5)

Substitute for the elements of the determinant and remove
the common factors from all rows and columns. Then

1) Row 4 -row 3 — row 4 and factor— plL7(p2, .. -,Ps).
2) L8(pI,...,p5) x row 4 + row 3 — row 3.
3) Col 1 -col 2-* col 1 and factor p23.
4) Col 2 - col 3 — col 2 and factor p34.
5) Col 3 - col 4— col 3 and factor p^5.
6) Col 1 - col 2-* col 1 and factor p24.
1) Col 2 -col 3-* col 2 and factor p35.
8) -p5x col 3 + col 4— col 4.
The determinant is now four dimensional.
9) Col 1 - col 2 -col 1 and factor p25.
10) p4p5 x col 2 + col 3 — co!3.
1 1) p2 x col 1 + col 2— col 2.
12) -p3p4p5xcol 1 + col 3 — col 3.
13) Col 2 -col 4 -col 2 and factor -p;.
14) Col 1 - col 2-col 1 and factor -pj.
1 5) P2p3p4p5 x col 1 + col 3 — col 3 .
The element in the first row, third column can be simplified

using the identity

L6(pl,...,p5)+pl...p5=L6(p1,...,p4)

-P5L5 (Pi,p2,p3 ) +P4P5L4 (Pi,p2 )

-P3P4P5L3 (Pi ) +P2p3p4p5L2 (0)

The determinant is now

1/2 1/3 L6(Pl,...,p5)+Pl...p5 1/4

1/3 1/4 (l/2)pi..p5 1/5

1/4 1/5 (l/3)p]...p5 1/6

1/5 1/6 (l/4)p!...p5 1/7

multiplied by all of the factors which have been removed in
the reduction process. The final result follows easily.

Residue of Eq.(X^)
Form the five-dimensional determinant of the coefficients

of the H? sin Eqs. (7°), (e°) , ( i ° ) , ( a ) , (\°) augmented by
the right-hand sides. By an obvious sequence of row
operations, reduce this to the following four-dimensional
determinant:

b4

P2lP3lP4l

144b2b3b4 P2
2b2

6A2
2b2

P4b4

P2
4b4 ^-1-p1

6A2
3b3 6A2

4b4 1
P2P21 P3P3I P4P4l

Substitute for the determinant elements and remove all
common factors. Then

1) Col 1 - col 2—col 1 and factor p23.
2) Col 2-col 3-col 2 and factorp34.
3) Col 1 - col 2 —col 1 and factor p24.
4) p3 x col 2 +col 3 —col 3.
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5) p2xco\1 +col2-*co!2.
6) /?2xcol2 + col3^col3.
7) Row 2 - row 4-* row 2 and factor — /?/.
8) Row 1 - row 2-* row 1 and factor —p/.
9) PI xrow 4 +row 3-*row 3.
10) Interchange row 3 and row 4.
The determinant is now

L5(p5)

L 6 ( p 5 )

L7(p5)

L8(p5)-L8(p},...fp5)

L3(ps)

L4(ps)

L5(ps)

L6(P5)

L4(P5)

L5(P5)

L6(P5)

L7(Ps)

1
2/5

1/5

4/35

Substitute for the determinant elements and remove all com-
mon factors. Then

1) Row 2-row 3^row 2 and factor—/?/.
2) Row 1 - row 2-* row 1 and factor — /?/.
3) Col 1 -col2 —col 1 and factorp23.
4) Col 2 - col 3 — col 2 and factor p34.
5) /?jxcol2 + col3-col3.
6) Col 1 -col 2—col 1 and factorp24.
7) p2xco\ 1 +co!2—col 2.
8) /?2xcol2 + col3-col3.
The denominator determinant is now

P2i

where again the factors removed in the reduction process are
not displayed. The rest is straightforward.

Residue of Eq. (</>)

Begin the reduction in the same mariner as in the previous
case with Eq. (0) replacing Eq. (X°) , so that the last row of
the preliminary four-dimensional determinant is replaced by

6V4(p2)p2b2p3b3p4b4

6A2
2b2

P2i
6A2

3b3 6A2
4b4

P31 P41 55

The first six steps in the reduction are the same. Then
7) Row 3 - row 4—row 3 and factor — /?/.
8) Row 2 - row 3 —row 2 and factor ~p}.
9) Row 1 - row 2—row 1 and factor -/?/.
Thus the determinant, omitting the display of the common

factors as before, is

L3(ps)

L3 (p5) L4 (p5) L5 (p5)

L4(p5) L5(p5) L6(p5)

L5(p5) L6(p5) L7(p5)
which is equal t o p ] P ( p 5 ) /259200V4 (p2)p2b2p3b3p4b4.

The reduction of the numerator determinants follows an
identical pattern, so the details are omitted. We have

L4(p4,p5) L5(p4,p5) ~~

L5 (P4>P5 ) L6 (p4,p5 ) — - —p5

L6(p4,p5) L7(P4,Ps) - - P 5

The alternate form, as given in the text, is obtained using
LI (P4,Ps) = L, (p5) -p4L/_ i (ps) and a straightforward
manipulation of the determinant elements.

43200p4b4p54

L s ( P s )

L6(ps)

Ls(ps)

L6(P5)

L7(PS)

L5(p5)-piL7(p2,.

L6(p5)-piL7(p2,.

L7(p5) -piL7(p2,.

L8(p5)-PlL7(p2,.

.,p5)/P3i

.,P5)/P2i

.-,Ps)/Pi

..,p5)-L8(pl9...,p5)

1

2/5

1/5

4/35

The final expression is readily obtained without further
details.

H'4-P5H°4

Apply Cramer's rule to Eqs. (7'), (e1 ') (O, (X1") with
/ = 0, 1. Reduce the four-dimensional denominator deter-
minant, which is the same for both H°4 and H4, to the
following three-dimensional one by an obvious sequence of
row operations:

P2I

P2P2I

A2
2/p2

Psi

PsPsi

A2
3/p3

P4I

P4P41

A2
4/p4
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