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Resolution of Runge-Kutta-Nystrom
Condition Equations through Eighth Order

Richard H. Battin*
Charles Stark Draper Laboratory, Inc., Cambridge, Mass.

A systematic development of general solutions of the condition equations for minimal stage Runge-Kutta-
Nystrom algorithms through eighth order is made. Although it is known that, for mth-order accuracy, (m—1)-
stage methods are possible through m =6, the general sixth-order algorithm, shown here to have two free
parameters and to include Albrecht’s formula as a special case, appears to be a new resuit. General seventh- and
cighth-order algorithms, for which the number of stages is the same as the order of the method, are alse
developed, as well as a proof of the nonexistence of a seventh-order, six-stage method.

Introduction

N 1925, Nystrom' investigated the numerical integra-

tion, using Runge-Kutta techniques, of a certain special
class of second-order differential equations for which the
right-hand sides are explicit functions only of the dependent
and independent variables. He found it possible to achieve a
higher degree of agreement with the Taylor series expansion
of the solution for a given number of evaluations of the right-
hand side of the differential equation than could be expected
from the general case. Thus, with two evaluations he could
achieve agreement with an error of O(h*) of O(h°) with three
evaluations, and of O(#¢) with four evaluations, where 4 is
the integration step size. Nystrom developed special algo-
rithms for these three cases, which are also summarized in a
textbook by Henrici. 2

The interesting speculation as to whether or not this com-
putational advantage persists. for higher-order methods
remained unanswered for 30 years. Then, in 1955, Albrecht?
published a special, ‘“‘symmetrical” (i.e., equal subdivisions
of the integration interval) algorithm for a sixth-order method
with five evaluations.

Most of this paper is devoted to developing general
solutions of the condition equations through eighth order
using the fewest number of right-hand side evaluations or
“stages’’> as possible. The phenomenon, first observed by
Nystrom, of m—1 stages for mth-order accuracy, does not
seem to prevail beyond m =6. Indeed, an interesting proof of
the nonexistence of a seventh-order, six-stage algorithm is
given in a later section. By increasing the number of stages by
one, however, general methods are achieved for seventh and
eighth order.

To the author’s knowledge, the problem of obtaining
general solutions of the condition equations has not been un-
dertaken in any systematic way. As an isolated result, Henrici
includes, as a problem in his text, a one-parameter family of
values for the coefficients of Nystrom’s fourth-order method.
(In fact, however, as will be shown, the fourth-order
algorithm admits of two free parameters.)

The task of developing efficient higher-order algorithms is

complicated by the fact that the number of condition
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equations for the parameters, many of which are nonlinear,
increases with increasing order considerably faster than the
number of parameters to be determined. By increasing the
number of stages, the set of parameters is also enlarged. The
number of equations is unchanged but the efficiency is ad-
versely affected. :

The results obtained here compare quite favorably with ex-
plicit Runge-Kutta methods applied to general first-order dif-
ferential equations. It has been shown by Butcher* that for m
> 35, an order m algorithm can be achieved only if the number
of stages n is greater than m and for m=7, then we must have
n>m+ 1. The existence of particular methods shows that his
are the best possible results up to-order seven. For order eight,
at least 10 stages are necessary but no method has been
published requiring fewer than 11. We compare in Table 1 the
number of stages for Runge-Kutta methods with those of
Runge-Kutta-Nystrom as obtained in this paper.

The author has elected to present his results as formulas for
the Nystrom parameters expressed as functions of certain free
parameters. The algorithms so obtained will have the widest
possible applicability and the user may apply his own criteria
for the problem at hand in selecting appropriate values for
these arbitrary parameters.

Fundamental Considerations

The Runge-Kutta-Nystrom method of numerical in-
tegration is a one-step process applied to the special class of
second-order vector differential equations

dx
dt .
where f is not an explicit function of y. The particular
algorithms considered in this paper are special cases of the
formulas given below where #,, x,, y, are the initial values for
the integration step, /4 is the integration step size, » is the num-
ber of stages, i.e., the number of evaluations of f, required.
n-—1

X=xp+ hy,+h’ E ak; +O(h"*1)
=0

dy
=V =f(t,x)

Table1 Comparison of R-K
and R-K-N methods

Order Number of stages
R-K R-K-N

5 6 4

6 7 5

7 9 ) 7

8 11 8
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n—1

y=yo+h E bik;+O(h™1)
=0

ko=f(to+hpy, xo+hpyys)

e
ki=f(to+hp,, Xo+hpyo+h? Z:ocijkj)
J

where

i—1
Cio=4q;, c,-0=q,-—Elc,-j (i=2,...,n—1)
=

The general problem consists of determining the parameters
Pi.4::Cij»@;, b; so that we have an mth-order agreement with
the Taylor series expansion of x and y with n as small as
possible.

The equations of condition for these parameters are given
in vector-matrix form in Table 2 for second, third, and
fourth-order formulas with the number of stages one less than
the order of the method. These equations are identified by
greek alphabetic characters to be considered as vectors of ap-
propriate dimension.

We make the following observations which hold in general
for the higher-order equations of condition:

1) All equations for the coefficients a; are redundant with
those for b; if a;,=(1 —p;) b;.

2) Equations («) consist of m linear equations for the »n
coefficients by,...,b,_; with the matrix of coefficients being a
so-called Vandermode matrix. Since n=m—1 these
equations
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will be inconsistent unless the m X m determinant

| . )
Pj» Py (i=0,....m—1;j=0,....,m—2)

D, =
vanishes. The value of this determinant may be expressed as

Dm: Vm—[ (pO)Lm (Po,---,pm—z)
where
Vilp) = Ipjkl (G, j=0,..,0—1)

is a Vandermonde determinant whose value is

{—1 (—2
viwo =I1 T1wi—p0

i=j+1 j=0

and
1
Li(Posersbiod) = )y —B;
i=0
with 8y,08,,... defined by
=2 =1
I o-py=Y 8
=0 j=0

For computational purposes, it'is useful to note that the 8’s
may be generated recursively from

1 i—1
Bo=1, Bi=—~ Y8 (i=L..,0=1)
j=0

where
si=po+pit...+pi_;

m—=2

Zp}ibj= L (i=0,....m—=1) (o) We shall refer to these functions' L, as ‘“‘constraint func-

=0 i+1 tions.”” Note that they are symmetrical in their arguments

Table2 Equations of condition form=234;n=m—-1
Order,
stage Eq. nos. a; Condition egs. Eq. nos. b; Condition eqs.
(m,n)
‘ ! 1 1
@, (o) ag= — (a)
0 2 bo=
Po 1/2

(.2) () [ 1 1 :H ay J_ [ 1’/2—i
Do P a; 1/6 _

4.3 (o) 1 I 1 ap 1/2

Po P D> a; |=| 1/6
ps  pi P} a, 1712 |

1 1
(8) q,a;+qra,= > (E)

(@) 1 1 1
2
1

I
b=— (=
B) ‘ q;b; 3 ( 3 )
() 1 1 1 1
by
Po P D> 172
b/ =
ry pi P 1/3
b,
ry pi P 1/4

(8) [ 1 I ][q,b,] 1[1/3—|
pPr D q:b; 2 1/4

1
@) (Pr—Po)eyb, =~ ( ”l -py)

A~
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and, for convenience, if any of these arguments is zero, it will
be suppressed in the notation. Thus, without confusion, we
shall write

L,(p;)=L,(0,0,p;)

Further, it is easy to show that the constraint functions satisfy
the recursive relation

L(' (pO’- w3 P2 ) =L( (pO)" ')pl'v_?) _pl'—ZL('—[ (pOJ '~-:pl‘—3)
An interesting interpretation of the constraint functions may

be had using the following identity for the determinant of
block partitioned matrices:

Ay B
=14 kk I ’Dn’ - CiA /:k]Bkt'l
Cu Dy
We can easily show that
- 1 m=2
Dm =Vu_1(Po) <_ - Epjm_lbj) =Vu-i (pO)R (amA])
m j=0

so that L,, is simply the residue R(a”™~’) of Eq. (™).
Thus, a necessary and sufficient condition for the consistency
of Eqgs. (') is that

R(am_l) :Lm (p():--~’plrz—2) =0

and V,,_;(py) #0. The nonvanishing of the Vandermonde
determinant is equivalent to requiring that p; # p, for i#j.
3) Square Vandermonde matrices have simple explicit in-
verses. For if we define
m=1 m—1
Po=11"w-p)=28p  (i=0..m—1)
j=0 j=0
where the superscript i on the product symbol indicates that
the factor for which j=i is omitted, then the inverse of the
Vandermonde matrix
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Thus, with L, (pg,---,Pm-) =0, the solutions of Egs. () are

Dm—l — Lrn—l(po‘v---;pmfj')
Vm*l(po) (pm~2—'p0)---(pm—Z_pm—.?)

bln—2=

(0,1,....m—2)

with by,...,b,,_; obtained by a cyclic permutation of the sub-
scripts (0,1,...,m—2). We shall use this notation frequently
for compactness in expressing our results.

4) The constraint condition L,, =0 imposed on the selec-
tion of the p;’s can be eliminated by increasing the number of
stages in the algorithm by one so that m=n. The left-hand
side of each condition equation will have an obvious ad-
ditional term, with a consequent increase in the number of
parameters to be determined, but the number of equations
will remain the same. Since we are free to assign values to
these extra parameters, we may set

p0=0: pm—1=1: Cn—1,;=4;
In this case, the last computed k; in the algorithm, k,,_,, for a
given integration step will be identical with the value of k, to
be computed for the next step. As a consequence, only the
first integration step requires / evaluations of the function f.
All succeeding steps involve m — I stages, as before.

The solutions of the equations of condition for second-,
third-, and fourth-order methods are summarized in Table 3.
The left-hand column gives parameter values for the con-
ventional algorithm with n=m—1. The parameters listed in
the right-hand column are for the algorithms with n=m for
the first stage only. For compactness, we have adopted the
notation p; =p, —p;.

In his fundamental memoir, Nystrom gave third- and four-
th-order formulas for the following values of the p;’s:

2
m=3, n=2: p;=0, p1=?
1
m=4, n=3: py=0, p;=—, =1

2

V(po) =lIpil  (i,j=0,...m—1) .
. " ! Fifth-Order Method (m =5, n=4)
is given by
g The relevant equations of condition for the fifth-order,
Val(py) = .l S R “ four-stage algorithm are listed in Table 4. Equations («) are
P (pi) handled as described in the previous section. Equations (3)
Table3 Parameters for mth order, 7 — 1 stage algorithms (im =2,3,4)
Parameters forn=m—1 Parameters for n=m (first stage only)
Order,
stage Free Constraints Egs. for parameters Constraints Eqgs. for parameters
(in,n) params.
2,H 0 Ly(pp) =0 by=1 Pe=0 by=b; ="
p;=1 qr=crp=ap=(1—py)by="2
(3,2) 1 L;(py.p;) =0 Prob;=L;(py) ©o,1) po=0 PaP2br=L3(po.p;) 0,1,2)
b;#0 biq;=1/6 pr=1 ;=i (i=1,2)
cry=a;,=(1—p;)b; (i=0,1)
4.3) 2 Li(py.pysP2) =0 Pagb21b2=L3(py,p;) 0,1,2) Po=0 P33 P32bs =Ly(po,01.py) (0,1,2,3)
1 1 1 > ,
bbb, #0 b1‘11=E (Epz-:# ) L2y  ps=1 qi="2p; (i=1,2,3)
1 1 1 1
hyeyy=—(— —p bh,#0 byery=—ou( — —p
2€21 010 ( 7 u) > o, ( p 3)
C}i:alz(l—pi)bi (i=0,1,2)
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determine g,,q9,,q; so that Eq. (8) provides a constraint on
the choice of the p,’s. Similarly, Eqs. (y), (e) determine
b,¢5,,b3¢5;, bscs, with an additional constraint implied by
Eq. ().

To calculate the residue of Eq. (6) we first form the four-
dimensional determinant D of the coefficients of the g;’s in
Egs. (8), (&) augmented by the right-hand sides

b, by by 1/6
pib, p;b, p3bs 1/8
pib, p3b, pibs 1/10
q:1b; @by q3b; 1/20

Solving Eqs. (a) and (B8) for b; and q;b;, we have
PioP12Pi3b;=L,(po.p2,p3) (0,1,2,3)
2p12013q10,=Ls(p2ps)  (1,2,3)

From the constraint condition needed for the consistency of
Eqgs. (@) and the recursion relation for the L functions, we
may establish the following to be used in the first column of
D.

PiLqe(Po,P2:03) =Ls(po,02.P3)
DPiL4(Do.02.P3) =Lg(po,D2.03) =L (D0:D1,P2,P3)
Piols(p2,03) =Ls(pg,P2:03) —L6(D1,02:P3)

PoLs (p102,03) =PIL(Pp.02.03) —PioLs (p2,D3)

Additional required relations may be established for the other
columns of D.

We now substitute for the elements of the determinant D,
subtract two times row 4 from row 3 and remove the common
factors from all rows and columns. Next multiply row 3 by
Lg(p;,p2,p3) and add to row 4. Then subtract col 2 from col
1 and col 3 from col 2 and again remove the common factors.
The determinant is now three dimensional
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To finish the reduction, we subtract col 2 from col 1 and
factor out p;; from col 1. Then, to col 2 we add p, times col 1
and the determinant is now a function only of p,. We have
finally

8640 V4 (py )DZP?)Ls (p1,p2:03)

To determine the residue of Eq. (6), we use the arguments
of the previous section and obtain

1
8640 V,(po) Vs (p;)b,b,b;

R(8)= PiLs(p1,p2.03)

In a similar manner we may obtain the residue of Eq. ({) in
the form

1
8640 V;(py) V3 (p,)b,b;

R(H=- po(ps—1)°

We have now established that the condition equations will
be consistent if and only if the p;’s are determined subject to
the following constraint conditions:

Ls(po,p;sp2.p3) =0
PoLs (p;,p2,p3)=0

Pip;s—1)°=0
The third condition requires that either p; =0 or p;=1. In
the first case, we may select the remaining p,’s subject to the
constraint Ls (p;,p2,p3) =0. In the second case, the value of
Dy is arbitrary and p,,p, are uniquely given by

Dp,p2=(4FV6)/10
For these values, we find by =0and b,,b; #0.

In either case we may show that g, = V2p?(i=1,2,3). For
this purpose, we write

) _ PioLs(p2,p3)
L;(pops)  Ls(pop)) 13 il iy ra—
=w L,(po.p3) L, (po.p;) 1/4 |
4V, (po)Pys E0ES ] M _ 1/sz Ls(po:p2sp3) — Lo (D1,02,D5)
Ls{(po,p;3) Ls(po,ps) 1/5 "Ls(Po.02:P3) —Ls(Po-D1.P2:P3)
Table4 Equations of conditionform=5,n=4 [a;=(1—-pyb;]
Eq. nos. b, Condition equations
2 I
d b= —— i=0,...,4
@) .,X::)p" =— )
3
i Hgby) = ——r i=0,1,2
®B" ; p;ila;by) 2(i+3) ( )

(6% { 1 1 }1: (P —Py)caib; } Ir (1/4) —py :l
P>  Ds: (p/—Po)Cjzbj‘i‘(Pz_Po)C32b3 6lL (1/5)—(3/4)py

5 B 5 1 1
) qib;+q5b,+q5b;=~ (<)
4 5
(&) 1 [ (P —pd)eyb; :l 1 ( 1 2p2)
’ =07 —<Po
(Pi—p3)esbs+ (P3—ph)cib; 125
1
¥y} qi1C by +qrc3b3+qr0305 = —
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and the conclusion follows from the second constraint con-
dition since

Ls(po,p1502,03) =Ls(P1,02:P3) —PoLs(p;,02,03)
>=L6 P,P2:03)

The solutions of the condition equations are summarized in
Table 5. As before, the first part of the table corresponds to
the conventional algorithm with n=4. The second part con-
tains parameters for the algorithm with n =35 for the first step
only. In the latter case, an additional free parameter is
available.

Nystrom gave fifth-order formulas for the following values
of p;’s:

2 2
m=35, n=4: p,=0, P1=_—5, 172:}

2

1
:0, = -, = =, =]
Po P 5 P 3 P3=

General Equations of Condition

The author derived the equations of condition for p,=0
and m=35 as given in Tables 2 and 4. For p,=0 and gq; = V2p?,
Fehlberg® derived the condition equations through m=9. An
independent derivation through m =7 was made, and com-
plete agreement with Fehlberg was found. The task is quite
laborious and the number of equations increases dramatically
with increasing order. For example, 13 equations (including
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redundant ones) evolve for m=5. For m=6, 10 more are ad-
ded; for m=7, an additional 20, and for m = 8, the increase is
36 or 79 in all. For a ninth-order set, the number is 151.

Successful treatment of these equations depends strongly on
proper grouping of the terms. A convenient set of functions of
the Nystrom parameters for this purpose is given below and
the equations of condition through m =8 in terms of these
functions are listed in Table 6.

n=1
H} =pi_E pibjc;i i=1,...n=2
J=i+1 k= 'y
AI_( =_1—_ ii:lc..pk_l i=2,....n—1
(k=D = k=2,.
, (+1)! & o it
Ak __:__Eci.p’?—‘—zA‘. i=3,...,n—1
(k—1)1 =40 ! k=0+2,
=2,..
il
Af_(42 — __5'_.. Ecijp;(“(sAjz i=4,..,n—1
(k—=1)! j=5 k=6,

As already mentioned, we need only consider the equations
for the b;’s since we always have ¢; = (1 —p,;) b;. The gaps in
the greek alphabet labels for the equations arise from the
redundancy created by the assumption that g; = V2p?. The ad-
ditional equations needed for m = 8 (the last six in Table 6) are
taken from Fehlberg and, therefore, carry a separate labeling

Table5 Parameters for fifth-order, four stage algorithms

Parameters for n=4

Free Constraints Egs. for parameters
params.
1 p.p=(@EFV6)/10 DP3oD31P3203 =Ly (pg,p1.02) 0,1,2,3)
ps=1 g;=Vvap? (i=1,2,3)
1 1 1
Probrcry= — [170173— — Bpo+p3) + < ]
6P >3 4 5
b | NP P
p Cyp = — - e ¢
1093€31 017 Pob; p Po+p> 70 Pro02€2
b [ D oot + ! |
Cyp= — - —
P2003C32 D) PoP; 4 PoTP; 70
2 Po=0 (Same as above) -
Ls(p;.p2p3) =0
b,,b;#0

Parameters for n =35 (first stage only)

Free Constraints Egs. for parameters
params.
3 po=0 PaoP4iPaPa3by=Ls(pg,p,02:P3) 0,1,2,3,4)
py=1 q;="vap3 (i=1,2,3,4)
[ 1
bybs#0 pibsey= — [psby— — (s +4by) + = |
6p 4 5

23

b ! [ .h 1( +2b)+1] b
C = — —_— —— — C
pibscs; . paby = (P2 Dt pby¢cyy

12

b L ) Ly + L ]
p Cayr= —
205C32 602, Prby p P 4 10

cy=a;=(1-p))b;

(i=0,1,2,3)
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Table 6 Equations of condition form=3,....8 [p;=0,q;="2p ,g, a;=(1-p)b;]

Eq. nos. b; Condition equations Eq. nos. b; Condition equations
n—1 ] n=1 I
i b [ - ] 4243 = (e
(@) /; pib; =— (i=0,..,m=1) (e} j;p;A_,-A,bj Fr (i=0...,m—8)
n—1 n—2 n—1 - n—2
. . 1 1 1 1
i i 2 — — [ [ _— dyyi
(A%h)) = = — H ceam—4 . (A%, = = H s —8
0" ~ pjlA;Y; 31(i+4) n= m—4)  (e}) j;p!( i) 7(i+8) 5!;p./ J m-—8)
n—1 n—2 n—1 n=2
. . 1 1 ; 1 3! .
i Ay =————  =_ H - [ (A%h. = =__ AZHL —8
(" ~, Pj(Ajb)) 21(i+5) 21 ,:Z:/ D sm—=5)  (e}) FEjp/(A_/ by) 71(i+8) 51 /Z::p, i ,im—28)
n—1 n=2 n—1 n—2
. . 1 1 ) ) ) 1 4! )
L) pj(Afb)) = = HY  ,m—6 HAPDb) =0 =— ), AH! e =8
( = S1(i+6) 3= Pty "o : j;?pj( o) 7(i+8) St /;2 o )
n—1 n=2 n—1 n—2
. . 1 3! I ) 1 51 1 )
N A¥py =—uw— =__ —A%H . .m—6 L (A% = =" —AYH n—8
" ft PjA 0 51(i46) 3v = m—6) (es) j;p/( 7 b)) 71i+8) st )
n—1 n—=1 n—2
. . 1 1 5t 1
i 424, = om=T { A py =—— = — ARy ,m—8
) =2 Pitifi% = 151 iv 7y m=7) ) ;xp’( L YT T e :
n—1 ] i n—2
o A%y =— = HE L m=T
(¢") - PiAGD; 61G+7) 4 = Pt m—=T)
n—1 n=2
. . 1 3! .
@) pj(A) D)) =—— =), AL m—T
= 61(i+7) 4 ,:EZ 7 )
n—1 n=2
: 1 4! 1
! AP =—— = —AJHL L om—1
wh -, pj(A;b; 61(i+7) p /‘;2 p, )7 )

Table 7 Parameters for sixth-order, five stage algorithms

Free parameters Constraints
2 po=0,py=1
Le(p;.p3.03,1)=0
by,b;,b,20
Equations for parameters
PaoP41P42P 4304 =Ls (DD 1:P25P3) 0,1,2,3,4)
qizl/zplz (i:1a2’374)
P — [1 !, + )+1] 1,2,3)
1= 1201037 2 P2P3 3 Pr+D3 70 o
b 1 1 1 )
p C = —————————— — —_
102€3; 60(1—ps)pss * 2 P3 3
1 1 1 1 1 1 1
pibses= ———[— (= p)= )= (= p,— =) ]
60(I—p3)  py = 2 6" py 277 3
b 1 1 1 )
Prb3Cypp =" —— \ — P~
60¢(I—p3)p;, 2 6

prbycg=HY—pbycy —pbsey;
Pabscs;=HS—pybscs,

p3bscys=HS

scheme. However, the grouping of the variables, in particular,
the equations expressed in terms of the H/’s, is the author’s
own,

We now consider separately the cases m=6,7,8.

Sixth-Order Method (m =6, n=5)

For the five-stage, sixth-order algorithm, Eqgs. (y)-(\) con-
sist of seven equations to determine the six parameters c;;. The

residue of Eq. (\) may be calculated using techniques demon-
strated previously by noting, from Table 6, that Eqgs. (v?),
(€?), (1), (\) provide four equations for H9, HS,HY.

The augmented determinant of coefficients, formed as
before, is four dimensional but is easily reduced to three
dimensions by an obvious sequence of row operations. In-
deed, we can readily show that this determinant is equivalent
to

bz bj 5p, -2
Pr1P3i
e b b 2p,—1
720 b,b, P20; P303 D
6A3b, 6A%b; i
P2P2i P3P3;

Next, we obtain 47 and b; from Eqs. () and (v), subject to
the usual constraint equation L4 {(p,,...,p,) =0, as

PaD2iP23P24b2=Ls(p1,p3,04) (2,3)
P3P2P23P2b=Ls (P1,D3.Ds) (2,3)
6D23P24A 30, =Ls(D3,D4) (2,3)

These are substituted for the elements of the determinant and
all common factors removed. Then the following sequence of
row and column operations is performed:

1) Col1—col2—col 1and factor p,;

2) p,Xcoll+col2—col2

3) Row 2 +row 3—row 2 and factor p,

4) Row2+row 1—row 1 and factor p,

The determinant is now a function only of p, and easily
evaluated. The residue of Eq. (A\) is then found to be

1

pipa—1D)°
7202V3(p,)V3(p2)p2b2p5b3 P

R(N\) =
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Thus, the condition equations can only be consistent if
either p, =0 or p, = 1. The first option would require all of the
p;’s to be zero. For suppose that p; =0. Then

p] 1 2 L6(p3’p4) _ 1
2= PP

A -
6 L) 6

p} (234

and the conclusion follows from the definition of 47
Therefore, a necessary and sufficient condition for the con-
sistency of the condition equations is that
p4=19 L6(plxp2’p3:1)=0
The complete solution is summarized in Table 7. Albrecht?

gave a sixth-order formula, which is a special case of our
general formulas, for the following values of the p;’s:

p{):O, p1=%, pzzl/l, p_i:%: p4=I

Seventh-Order Method (m =7, n=6)

For a seventh-order, six-stage algorithm, Eqs. (e) deter-
mine the coefficients b; subject to the vanishing of the residue

R(a6) =L7(p11'~-)p5)

Then Eqgs. (y) — (¢) provide 15 equations to be satisfied by
the 10 parameters ¢;;.

With reference to Table 6, we make the following ob-
servations:

1) Equations (v) determine A7(j=2,3,4,5). By definition,
Aj="p,A%, so that Eqs. (e) determine A7(j=3,4,5).
Equations (v%), (¢%), (:?), (o) determine H?(j=1,2,3,4).

2) Equations (), (A?), (¢), (¥) then provide four ad-
ditional constraints on the p,’s.

3) Since, by definition, H,=psHY, Eqs. \'), (), (1)
determine H/(j=1,2,3). Consequently, Eq. (\') also
provides a constraint on the p,’s.

Residues for Egs. (), (A?), (¢) may be determined as
before. The calculations, which are considerably more com-
plex, are outlined in the Appendix. The results are:

PilLs(Prse.sDs) +Py...0s/ 161 L7 (Ds,...,D5)

R(n)=—
( 63(60)7 Vs (p,) V1(p2) Dby p5bs
R()\O)=p5(p5—1)2[L8(p1,...,p5)—1/9800]
7202 Ve(p) Ve(D2)D2b2p3b3p4by
s—1)2P(p) L7 (Ps. D5
R($) = pi(ps—1)"P(p,)L;(p2,....05) +2 ROV

7207V, (P Vy(p)P2bop:b;paby

where Pis the following third-order polynomial:

P(p)=p’ —(12/7)p? + (6/7)p—4/35

The constraint imposed by Eq. (¥) is more easily handled.
We observe that Eqs. (v'), (v?),(v?),(¢), will determine
Yip;Aib;(j=2,3,4,5) and they are identical with Egs.
%), (¢'), (€?), (¥) which determine A3b,;(j=2,3,4,5).
Hence, we must have

and since by definition A%=c,,p; and A3=2c,,p7, it
follows that either ¢,; =0 or p;, = Vap,.

Finally, the constraint implied by Eq. ()\_’) is disposed of
by calculating HY from Eqgs. (v'), (¢), (¢'), (A") for i=0,
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1, as outlined in the Appendix. The result may be expressed
conveniently as

H!;—‘P5H0=

1 Da P 0

120psupaby Ly(ps) Le(ps) Ls(ps) 84—105p;s
7P(Ps) | L,(ps) Ls(ps) Le(ps) 35—42ps

Ls(ps) Ls(ps) L;(psy 18—2Ip;s

We shall now examine the possibility of determining ap-
propriate values of the p,’s which satisfy the constraint
equations.

Case 1: If ps;=1, then R(N%)=R(¢)=0. However,
H— p;HY can then only be zero if p, is also equal to one.

Case 2: If p,;=0 and R(a%) =0, then R(7) =R(\?) =
R(¢) =0. However, from Egs. (a), since p;b, =0 it follows
that

Ls(p;,...ps) =0

Also, from Egs. (v) and the definition 43=p,c,;, we also
have

L7 (pspesps) =0
The three condition equations are equivalent to
Ls(ps:pep5) =0, L(P3,p0p5) =0, L;(ps,psps) =0
from which we find P(p;) =0 (j=3,4,5). Unfortunately, p,

and p; will not satisfy the requirement H} —p; H9=0.
Case 3: 1If

Ly (pis-sps) =Ly (P2,....ps) —p1Ls (P2,....05) =0
L;(ps....,ps) =0
then R(a®) =R(w) =0and R(¢) =p,;R(\?). It follows that
by=Ls(ps,....05) =0
and also

1 L 2Pas 1
1 5 12721 7(P3:045D5) =Lp1 (2345
6 “psLs(p1,p3,00Ps) 6

A3=

1
Aj=vap;Aj= — p]

Furthermore, by subtracting Egs. (") and (\'), we find that
p2H', =0. Since p, cannot be zero, then H, =0 (i=0, 1).

U=23,45)

The three equations
Ls(pD2seeesps) =0, L;(ps....ps) =0, HI=0
can be expressed as
Li(ps)Bs+Ly(ps)B,+Ls(ps)B;+Ls(ps)=0
Li(ps)Bs+Ls(ps)B2+Ls{(ps)B,+L;(ps)=0

(/9B + (1710)B,+ (1/20)8,+1/35=0
where
B;=—(p2+ps+Ds)s B2=pip3+D:Ps+P3Dss

B3 = —p2DsP4
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Solving for the 3;’s, we have

12 6
(p5—1)23;=—7(p5—1)2, (p5—1)232=—7(p5—1)2,

4
(P5—1?253=—§(P5—1)2

Since p5 cannot be one, it follows that P(p;) =0(j=2,3,4).
The polynomial equation P(p) =0 has three real and
unequal roots but, unfortunately, b; is then zero. With b5 =0,
the number of stages in the algorithm would be five and it is
easy to see that the resulting condition equations cannot be
satisfied.
Case 4: 1f

P(p;)=0, Lg(p;...,ps)=1/9800, L;(p,,....ps)=0

then R(a®)=R(A%)=R(¢$) =0. Assume for the moment
that also b, =0, or equivalently

Ls(pp,p3;p005) =0

Then the three constraint function equations may be written
as

L;(p1)Bs+Ly(p1)B2+Ls(p;)B,+Ls(p;)=0
Ly(p))B;+Ls(p)B,+Ls(p;)B,+L;(p,;)=0

Ls(p)Bs+Ls(p;)Br+L;(p;YB;+Lg(p;)=1/9800

where
Bi=—(p;+ps+ps), Br=D3Ps+DP3Ds+P4Ds,
B3 = —p3P4Ps

Solving for the 3;’s we have

P(p;)B;=—2/7YP(p;), PP)B=(6/7)P(p;),

P(p;)Bs;=—(4/35)P(p))

and since P(p,) =0, the rank of the three equations is two.
Hence, under the assumptions stated for this case, b, is
automatlcally Z€ero.

The three constraint functlon equations are syminetrical in
P1,D3:P4:Ds, 5o that if any p; were such that P(p;) #0, then
we could solve for the corresponding 3’s and find that P(p;)
=0 for i#j. We must conclude that P(p;) =0 for j=1,3,4,5,
which is possible only if two of the p;’s are equal.

Having exhausted the possibilities, we reluctantly conclude
that a seventh-order, six-stage algorithm does not exist.

Seventh-Order Method (m=7,n=17)

If the number of stages is increased to seven, the number of
¢;’s increases to 15 but the number of equations remains 15.
The set of parameters in Egs. («) has also been expanded to
include p, and b, so that no constraint condition is required.

To simplify the solution of these equations we will in-
troduce as assumptions b, =0 and A7=p?/6 (i=2,...,6). The
first imposes a constraint on the p;’s, i.e.,

L,(pys....ps) =0

The second requires H) =0 (i=0,1), as can be seen by sub-
tracting Eqs. (.') and (\). The importance of these assump-
tions is that Egs. (y) and (=) are then identical to certain of
the Egs. (a). Furthermore, Eqgs. (A) and (¢) are the same, as are
also Egs. (¢) and (o).
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In addition, we find it convenient to assume that A7=p?¥/24
(i=2,...,6) so that Eqgs. (¢) will be identical to the last three of
Egs. (@) and Eq. (y) will be identical to Eq. (¢). However, in
so doing, it follows from the definitions of 43 and 43 that

=Viap, and ¢, = Vap3.

The condition equations are now 13 in number and consist
of

Af= Pt Tl = ———pktii=3,...,n—-1)
(k—1)! 1)v E " (k+1)' (k= 23)
H‘—p,Ep,b icjp=0 (k=0,...,n—6)
=
n—1
Y pibAR = ! (i=0,....,n—k—2)
ST (kD)1 (i+k+2) (k=4....n—2)
where
1 i—1
Al = T‘I‘*“'E cpi! (i=3,...,n—1)
(k—1) (k=4,....n—2)

and the number of parameters ¢;; to be determined is 14, since
¢,; has already been established. With ¢, regarded as a free
parameter, these equations may be regrouped, as shown in

Table 8 Parameters for seventh-order, seven stage and eighth-order,
eight stage algorithms

Free parameters Constraints
Po=0,p;="2p,
5 pr=1form=n=8
¢4y is arbitrary L, (p2seesPp_y) =0

bs,..obp_ #0
Equations for parameters
(pn—l —Po)--- (pn—l —pn—z)bn—l =Ln (po:---»Pn—z)

gi="p? ©O,1,....n—1)
C21:1/3p5 (i:l,...,n—l)
2
k—1)
k— K+ 1
_ k=23
FE[p/ (p/ 3/) (k+1)' ( )
3
(k—1)!
fo— k+1 k—1
k — c k=23
;pj (pj 4/) (k+1)’ pl 41 ( )
n—1 i
Yok byey =~ Y plbey, (k=0,...,n=6)
Jj=5 j=2

Repeat the following for k=4,...,n—2:

i—1

I
452 = e pk! i=3,..,k)
i (k—])! J; Jpj (
n—1
pfl(bAAU)—_——*——_ pib.AK?
j:kE+, ST T ke D i+ k+2) ,2_33 s

(i=0,...,n—k—2)

CoGi+nt " ]
- Pt =P Cury (=01
P (i+3)!
_E (DjCrarj) =
G+ AY (i=2,....k=2)
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Table 8, in the form of linear equations, having Vandermonde
coefficient matrices, to be solved for the ¢;’s.

A note of caution in obtaining the c;;’s from Table 8 is ap-
propriate. High-order Vandermonde matrices can be ill-
conditioned so that the explicit analytic inverse should be used
rather than a standard computer matrix inversion routine.

Eighth-Order Method (m =8, n=8)

For an eighth-order algorithm with eight stages, Eqs. (y)
through (e;) provide 29 equations to determine the 21
parameters c;;. As before, we will assume

b, =0, Al=pl/6, Al=p¥/24 (i=2,..,7)

Thus, we impose the constraint Lg(p;,...,p;) =0 and have
also

pi=Vap,, ¢ =Yap3

Again by subtracting Egs. (') and (\), we find H) =0
(i=0,1,2). Equations (y), (¢}, (w) and (e;) are identical to
certain of the Eqgs,(a). Furthermore, the following sets of
equations are identical: Eqgs. (A), (1), Egs. (o), (¢), () and
Egs. (e,),(e;),(es). There are, therefore, 21 condition
equations remaining to determine the 20 parameters ¢;;.

Equations (y?), (€%),(:%),(¢?), (e;) determine H? (j=
2,...,6), so that Egs. (es) and (es) provide additional con-
straints on the p,’s. Note also, with the assumption 4?=p/6
and the use of Eq. (es), that Eq. (e;) may be written as

6
1 0
E—C/‘IHJ:O (es)
j=2Dj

The author has not succeeded in calculating useful ex-
pressions for the residues of Eqgs. (e5) and (e4). However, it
has been determined by numerical experiment that R (es)
=R(es)=0if p,=1.

Subject to the constraints p; =1 and Lg (1, p,,...,06) =0,
the reduced set of 19 condition equations is the same as listed
in the previous section for the seventh-order case and the
number of parameters c;; is 20. Again we may regard c,, as ar-
bitrary, making the total number of free parameters five. The
solution may be obtained from the equations given in Table 8.

Appendix

We provide here, in brief outline form, the various steps
required to obtain the equation residues which were given
without proof in the section treating the seventh-order, six-
stage method.

Residue of Eq. (w)

Form the five-dimensional determinant of the coefficients
of the A?s in Egs. (y), (w) augmented by the right-hand
sides. Solve Egs. () and (y) for b; and A %,

D2P12P32P42Ps5:02=Ls(p;,D35,04,05) (1,2,3,4,5)

602D 15P32P42D5:A3b2 =20 21 L7 (D3,04,P5) (2,3,4,5)

Establish the following to be used in the first column, with
similar relations for the other columns:

P:Ls(p1.p3:04-Ds) =L;(D1,D3,04:05)
P3Ls(P1,P3.0Ds) =Ls (D1.D3.P4,Ds) —Lsg (P1s.-sD5)
PgLs (P1sP3:sP4sPs) =D2Ls(D1,D3:P4,P5) —P2Lg(Pys...,05)

PP L7 (P3,04:05) =P:Ls(P1,05:04:P5) —P2Ls (Dss....P5)
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Note that
P2Ls(P1,p3,04:Ds) =Lo(D1,P3:04:P5) —Ls (Dys....05)
PiP2L7(D2:D3,P45P5) =piLg (P1,P3:D4,P5)

~D2021L7(P3,04,D5)

Substitute for the elements of the determinant and remove
the common factors from all rows and columns. Then

1) Row 4 —row 3—row 4 and factor —p,L; (p,,...,Ds5).

2) Lg(pys-.-sP5) XTOW 4 +10W 3—~T1OW 3.

3) Coll—col2—col 1 and factor p,;.

4y Col2—col3—col 2 and factor ps,.

5) Col3 —col 4—col 3 and factor p;.

6) Col1 —col2—col 1 and factor p,,.

7) Col 2 —col3—col 2 and factor p;;.

8) —p;sxcol3+cold4—col4.

The determinant is now four dimensional.

9) Col1—col2—col 1 and factor p,;s.

10) p4ps X col 2+ col 3—~col 3.

11) p, xcol1+col2—col 2.

12) —p3psps Xcoll+col3—col 3.

13) Col 2 —col4—col 2 and factor —p,.

14) Col'1 —col2—~col 1 and factor —p;.

15) pop3pypsxcol1l+col3—col3. .

The element in the first row, third column can be simplified
using the identity

Ls(pis--sps) +P1--Ds=Ls(D1s...P4)
—PsLs(P1,p2:P3) +Ps0sLy(P1,P2)
—D3P4PsL3(p;) +p203p4psL;(0)

The determinant is now

1/2 1/3 Lg(pjyeesbs) +0,...ps 174

1/73 - 1/4 (1/2)p,;..p;s 1/5
1/4 1/5 (1/3)p;...ps 1/6
1/5 1/6 (1/4)p;...ps 1/7

multiplied by all of the factors which have been removed in
the reduction process. The final result follows easily.

Residue of Eq. (\ %)

Form the five-dimensional determinant of the coefficients
of the H?s in Egs. (v?), (¢%), (:%), (0),(A?) augmented by
the right-hand sides. By an obvious sequence of row
operations, reduce this to the following four-dimensional
determinant;

2
b, bs b, 3 — P
1 2
Db, psb; psby 3 - Epl
P21P31Dq; p J
144b,b;b, 2p 2p b, — —=
P20; P303 P4Dy 35 51’1
6A3b, 6A43%b; 6AZb, 1
P2D2; P3D3i PaP4 5

Substitute for the determinant elements and remove all
common factors. Then

1) Coll—col2—col 1 and factor p,;.

2) Col2 —col3—col 2 and factor p;,.

3) Col1—col2—col 1 and factor p,,.

4) p;xcol2+col3—col3.
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5) p,xcol1+col2—col2.

6) p; xcol2+col3—col3.

7) Row 2—row 4—row 2 and factor —p;,.
8) Row 1 —row 2—row 1 and factor —p;,.
9) p, Xrow 4 +row 3—row 3.

10) Interchange row 3 and row 4.

The determinant is now

L; (ps) Ly(ps) Ls(ps) 1

Ls(ps) Ls(ps) Ls(ps) 2/5
L;(ps) Ls(ps) L;(ps) 1/5
Ls(ps) L7 (ps) Ls(ps) =Ls(p1--sps) 4135

where again the factors removed in the reduction process are
not displayed. The rest is straightforward.
Residue of Eq. (¢)

Begin the reduction in the same manner as in the previous
case with Eq. (¢) replacing Eq. (A?), so that the last row of
the preliminary four-dimensional determinant is replaced by

6A3b, 6A3b; 6Ab, 4

P2 Dz y 27 35

The first six steps in the reduction are the same. Then

7) Row 3 —row 4—row 3 and factor —p;,.

8) Row 2—row 3—row 2 and factor —p;.
- 9) Row 1 —row 2—row 1 and factor —p,.

Thus the determinant, omitting the display of the common
factors as before, is
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Substitute for the determinant elements and remove all com-
mon factors. Then
1) Row 2 —row 3—row 2 and factor —p,.
2) Row 1 —row 2—row ! and factor —p,.
3) Col 1 —col2—col 1 and factor p,;.
4) Col2—col3—col 2 and factor p;,.
5) p3Xcol2+col3—col3.
6) Col 1 —col2—col 1 and factor p,,.
7) p,Xcoll+col2—col2.
8) p, xcol2+col3—col 3.
The denominator determinant is now

, L;(ps) L,(ps) Ls(ps)
Di :
- - L L L
6V, (02)D2bapsbspabs +(ps) s(ps) s(Ds)
Ls(ps) Ls(ps) L;(ps)

which is equal to pI P(ps) 1259200V, (p;) p2b:psbspsb,.

The reduction of the numerator determinants follows an
identical pattern, so the details are omitted. We have

Hi—psH}= 11
L , L , ——

+(Pssps) Ls(pg,ps) 30 24P5
43200p4b4p54 1 1
— | L , L . _———

P(ps) s(Pesps) Ls(pyps) 72 60175
Lg( ) Ly( ) ! !

s\PesDs 7\P4,Ps 140 1201’5

The alternate form, as given in the text, is obtained using
Li(peups)=Li(ps)—psL,_;(ps) and a straightforward
manipulation of the determinant elements.

L;(ps) L,(ps) Ls(ps) —piL7(D2s-.o05) D] 1
Ly(ps) Ls(ps) Ls(ps) —piL7(D2,....05) 1PF 2/5
L;(ps) Ls(ps) L;(ps)—=p;L;(p2,....05}/P: 1/5
Ls(ps) L;(ps) Lg(ps) —piL7(pz2y.-sps) —Ls(Prse-osDs) 4/35

The final expression is readily obtained without further
details.

Hi—psH}

Apply Cramer’s rule to Egs. ('), (e') (¢), (A\) with
i=0, 1. Reduce the four-dimensional denominator deter-
minant, which is the same for both HY and HJ, to the
following three-dimensional one by an obvious sequence of
row operations:

P2 P3i Pa;
PP P3D3; PabP4i

A3/p; A%/p; Al/p,
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